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Abstract  

Close t o  an atomic resonance, t h e  dependence 

of t h e  real p a r t  of the s u s c e p t i b i l i t y  on power 

l e v e l  ( i . e .  s a t u r a t i o n  e f f e c t s )  can be s i z e a b l e  and 

t h e r e f o r e  l ead  t o  se l f - t r app ing  o r  s e l f - focus ing .  

It  i s  shown he re  under what condi t ions  t h i s  e f f e c t  

can occur .  Order of magnitude e s t ima tes  a r e  given 

f o r  t h e  i n t e n s i t y  dependent index change and t h e  

diameter of t h e  trapped beam f o r  some laser m a t e r i a l s .  
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I .  In t roduct ion  

This  i s  an a n a l y s i s  of t h e  inf luence  of i n t e n s i t y  depen- 

dent  anomalous d i spe r s ion  on t h e  propagation of e lectromagnet ic  

r a d i a t i o n .  The frequency o f  t he  electromagnet ic  f i e l d  i s  assumed 

t o  l i e  i n  t h e  v i c i n i t y  of t h e  resonance of an atomic t r a n s i t i o n  

and t h e  nonl inear  e f f e c t s  a r e  assumed t o  a r i s e  from s a t u r a t i o n  

of l e v e l  popula t ion .  In  t h i s  paper p a r t i c u l a r  a t t e n t i o n  i s  given 

t o  the  propagation of laser r a d i a t i o n  i n  a s a t u r a t e d  amplifying 

medium. I n  a number of phys ica l  s i t u a t i o n s ,  t h e  i n t e n s i t y  depen- 

dent  index of r e f r a c t i o n  due t o  t h i s  e f f e c t  can be seve ra l  t i m e s  

l a r g e r  than t h e  th re sho ld  index change necessary f o r  t h e  onse t  

of s e l f - t r a p p i n g .  

The d e t a i l s  of i n t e n s i t y  dependent anomalous d i spe r s ion  and 

i t s  inf luence  on t h e  e x t e n t  of s e l f - t r app ing  d i f f e r  appreciably 

from those encountered i n  l i q u i d s  wi th  l a r g e  o p t i c a l  K e r r  co- 

e f f i c i e n t s .  Some cons idera t ions  concerning t h e  p re sen t  e f f e c t  

a r e  a s  follows: 

1. Because of the assumption of near  resonance t h e  s e l f - t r a p p i n g  

e f f e c t  considered h e r e  i s  h ighly  frequency s e n s i t i v e .  I n  p a r t i c u -  

l a r ,  i n  an ampl i f i e r  s e l f - t r app ing  can only occur on t h e  low f r e -  

quency s i d e  of t h e  resonance l i n e .  

2 .  I n  add i t ion  t o  t h e  i n t e n s i t y  dependence of t h e  index of 

r e f r a c t i o n ,  t h e  i n t e n s i t y  dependence of t h e  ga in  c o e f f i c i e n t  of 

t h e  resonance l i n e  a l s o  plays an important r o l e  i n  s e l f - t r a p p i n g .  

If t h e  ga in  and index saturate a t  t h e  same power l e v e l  t h e  focus- 

i ng  e f f e c t  can be s i g n i f i c a n t l y  reduced. There a l s o  e x i s t  important 

cases i n  which t h e  i n t e n s i t y  dependence of t h e  r e f r a c t i v e  index i s  



3 

* ’  

appreciably d i f f e r e n t  from t h a t  of t h e  ga in ,  and can thereby  

give r ise t o  s t rong  focusing.  This  can occur due t o  t h e  

presence of inhomogeneous broadening i n  a resonance l i n e .  

Therefore,  i n  t h e  case of gaseous systems, Doppler and pressure 

e f f e c t s  determine t h e  important parameters of s e l f - t r a p p i n g .  

For impurity resonances i n  s o l i d s ,  t h e  impuri ty  concent ra t ion  

and t h e  ope ra t ing  temperature become of importance. These depen- 

dencies  may be  used t o  con t ro l  t h e  occurrence of s e l f - t r a p p i n g .  

Furthermore, study of t he  s e l f - t r a p p i n g  due t o  i n t e n s i t y  depen- 

dent anomalous d i spe r s ion  may be used t o  o b t a i n  important spec t ro-  

scopic  information on the  l i n e  shape of t h e  resonance. 

3 .  The nonl inear  e f f e c t  a r i s i n g  from s a t u r a t i o n  of a resonance 

l i n e  gene ra l ly  occurs  a t  a power l e v e l  l o w e r  than  t h e  onse t  of 

t h e  n o n l i n e a r i t y  due t o  t h e  o p t i c a l  frequency K e r r  e f f e c t .  T h i s  

enables  one t o  use  high ga in  l a s e r  t r a n s i t i o n s  f o r  t h e  observa t ion  

of s e l f - t r a p p i n g  a t  t h e  power l e v e l s  ob ta inab le  from t h e s e  l a s e r s .  

However, t h e  i n t e n s i t y  dependence of a resonance l i n e  g e n e r a l l y  

s a t u r a t e s  r a p i d l y  a s  t h e  power l e v e l  i n c r e a s e s .  This  e f f e c t  i s  

t h e  determining f a c t o r  i n  t h e  f i n a l  s i z e  of t h e  t rapped  beam. 

I n  t h e  case of t h e  K e r r  e f f e c t  i n  l i q u i d s  t h e  corresponding e f f e c t ,  

namely, t h e  s a t u r a t i o n  of t h e  i n t e n s i t y  dependent index change 

occurs  a t  a very much h igher  power level .  

I n  Sec t ion  I1 t h e  se l f - focus ing  p rocess  i s  b r i e f l y  descr ibed  

and t h e  s e l f - t r a p p i n g  condi t ion and expected beam s i z e  a r e  g iven .  

Sec t ion  I11 d i scusses  t h e  i n t e n s i t y  dependent index and ga in  f o r  
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homogeneously and inhomogeneously broadened l i n e s .  Computer 

c a l c u l a t i o n s  of beam propagation a r e  given f o r  bo th  types  of 

broadening. Sec t ion  I V  po in ts  ou t  some experimental  poss i -  

b i l i t i e s .  

1 1  

11. The Self-Focusing Process 
a r, n4- - , :' '1 i l e p e f  2 1 . 2  

The d e t a i l s  of t he  se l f - focus ing  e f f e c t  due t o  A 

1 3 2  i nc rease  i n  index of r e f r a c t i o n  have been t r e a t e d  elsewhere.  

W e  g ive ,  t h e r e f o r e ,  only a b r i e f  desc r ip t ion  of t h e  se l f - focus ing  

p rocess .  An i nc rease  i n  index of r e f r a c t i o n  wi th  t h e  i n t e n s i t y  

of a l i g h t  beam produces a decrease i n  phase ve loc i ty  i n  t h e  

reg ions  where t h e  beam i s  m o s t  i n t e n s e .  Thus, a s  t h e  beam propa- 

g a t e s  t h e  equiphase sur face  becomes more and more concave i n  

t h e  in t ense  r eg ions .  From Huygen's p r i n c i p l e ,  t he re fo re ,  t h e  

r ays  should move toward t h e  region of h ighes t  i n t e n s i t y  and t h e  

i n t e n s i t y  of t h e  cen te r  should i n c r e a s e .  This i s ,  of course,  

j u s t  t h e  oppos i te  of what occurs i n  normal l i g h t  d i f f r a c t i o n .  

The d i s t ance  i n  which t h e  beam inc reases  i n  i n t e n s i t y  by a 

s i z e a b l e  amount i s  given by 

- - 
Z focus - T ( S" 

where d i s  t h e  diameter of t he  beam and En i s  t h e  i n t e n s i t y  

dependent i nc rease  i n  index of r e f r a c t i o n .  

index of r e f r a c t i o n .  

n 0 i s  t h e  normal 

Se l f - focus ing  i s  poss ib l e  when 
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where X i s  t h e  wavelength. The e q u a l i t y  

d i t i o n  f o r  t h e  lowest order  t rapped mode 

implies  t h a t  t he  con- 

ho lds .  I n  t h i s  case 

t h e  focusing e f f e c t  i s  exac t ly  compensated f o r  by d i f f r a c t i o n .  

From t h e  above we  see t h a t  i f  dn reaches a maximum value,  

through s a t u r a t i o n ,  then t h e r e  i s  a corresponding minimum beam 

diameter 

say 

= 1.22h(8no 6nmax ) -1/2 
min d ( 3 )  

111. Theory of t he  I n t e n s i t y  Dependent Index and i t s  Focusing 
E f f e c t  

W e  now consider  i n  some d e t a i l  t h e  i n t e n s i t y  dependence 

of t h e  index due t o  an atomic o r  molecular t r a n s i t i o n  a s  w e l l  

a s  t h e  i n t e n s i t y  dependence of t h e  ga in  from t h e  same t r a n s -  

i t i o n .  The comparative dependence of t h e  index and t h e  gain 

on i n t e n s i t y  i s  of c r u c i a l  importance i n  determining t h e  con- 

d i t i o n s  under which se l f - focus ing  and se l f - t r app ing  can occur .  

I f  t h e  frequency of the  r a d i a t i o n  f i e l d  i s  considerably 

removed from t h e  peak of the resonance l i n e ,  s a t u r a t i o n  of 

d i spe r s ion  and d i f f r a c t i o n  play t h e  major roles i n  t h e  propa- 

g a t i o n  of t h e  f i e l d .  However, f o r  a case i n  which t h e  f r e -  

quency of t h e  f i e l d  i s  a t  t h e  cen te r  of t h e  t r a n s i t i o n  t h e  

d i spe r s ion  e f f e c t  i s  absent ;  t he  gain,  inc luding  s a t u r a t i o n ,  

and t h e  e f f e c t  of d i f f r a c t i o n  determine t h e  propagation of t h e  

f i e l d .  The more i n t e r e s t i n g  e f f e c t  occurs when t h e  frequency 

of t h e  f i e l d  i s  such t h a t  t h e  in f luence  of ga in  and nonl inear  

index both need t o  be considered. W e  confine our a t t e n t i o n  
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pr imar i ly  t o  t h i s  reg ion .  I n  t h i s  connection, it i s  important 

t o  note  t h e  c r i t i c a l  r o l e  of i n i t i a l  cond i t ions .  

A .  Homogeneously Broadened Resonance 

W e  d i scuss  f i r s t  t h e  homogeneously broadened case,  t h e  

r a t h e r  more i n t e r e s t i n g  inhomogeneous case can then  be d i s -  

cussed with some modi f ica t ion .  W e  consider  f i r s t  a two-level 

system i n  which we have t h e  well-known r e s u l t  f o r  t h e  index 

change and gain 

(7) = - 27T X" h0) ( L ~ ~ - L U ~ ) T  n res 6 n t o t a l  0 

X (1 + (w-(o,)~ T 2 + 

I n  t h e  above, b i s  t h e  d ipole  mat r ix  element, 

i n t e n s i t y ,  T i s  t h e  inverse  of t h e  l inewidth ,  LU i s  t h e  opera t ing  

frequency, and u0 i s  t h e  resonance frequency. A l s o ,  X ; e s ( ~ o )  i s  

t h e  imaginary p a r t  of t h e  peak f i e l d  independent s u s c e p t i b i l i t y .  

T' i s  a c h a r a c t e r i s t i c  t i m e  which i s  determined by t h e  l i f e t i m e s  

of t h e  atomic l e v e l s  and is  d i f f e r e n t  f o r  t r a n s i e n t  a s  opposed 

1E(?) I i s  2-rr/cno t i m e s  t h e  

t o  s teady  s t a t e  response.  The s u b s c r i p t  " t o t a l "  on 6n i n d i c a t e s  

t h a t  bo th  t h e  f i e l d  independent and f i e l d  dependent p a r t s  a r e  

included.  

atomic o r  molecular s u s c e p t i b i l i t y ,  and g i s  p ropor t iona l  t o  X " ,  

6ntotal i s  propor t iona l  t o  X t ,  t h e  r e a l  p a r t  of t h e  
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t h e  imaginary p a r t  of t h e  s u s c e p t i b i l i t y .  Considering t h e  

f a c t  t h a t  t h e  output  of gas and o t h e r  l a s e r s  o f t e n  comes from 

a s a t u r a t e d  t r a n s i t i o n ,  i t  i s  expected f o r  t h e s e  systems t h a t  
f i -2  2 2 

]E(?) I T’T i s  comparable t o  o r  g r e a t e r  than u n i t y .  T o  

f i n d  theA- p a r t  of t h e  index w e  s u b t r a c t  t h e  i n t e n s i t y  

independent (E = 0 )  p a r t  from t h e  above t o  obta in  

In.;, ._.tu . j d ; e n c l E n t  

where 

For an inve r t ed  system 6n i s  nega t ive  on t h e  low frequency s i d e  

of t h e  atomic o r  molecular resonance. I t  i s  ev ident  t h a t  t h e  

f a c t o r  i n  c u r l y  b racke t s  i n  (5) approaches u n i t y  when 

6n s a t u r a t e s .  For systems which a r e  w e l l  s a t u r a t e d  

w e  have 

I t  i s  important t o  note i n  t h e  above t h a t  both t h e  gain and 

t h e  index change s a t u r a t e  i n  t h e  same way. This i s  not  so f o r  

t h e  inhomogeneous broadening case  discussed below. 

By merely modifying3 t h e  propagation equat ion of re ference  

2 ,  employing equat ions  (4b) and ( 5 ) ,  w e  have s tudied ,  using a 

computer, t h e  homogeneous broadening case i n  a t r a v e l i n g  wave 

a m p l i f i e r .  A t y p i c a l  r e s u l t  f o r  a c y l i n d r i c a l  beam i s  shown i n  

F ig .  1. Axial d i s t ance  i n d i c a t e s  propagation d i r e c t i o n .  I n  t h i s  
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case (m0-u)T = 1. 
2 d2/4h Also ]El 

at the beam center. The initial profile was Gaussian, It is 

evident that the rapid saturation of index has not allowed 

appreciable focusing to take place. This occurs because the 

gain and index profile flatten simultaneously. Note, however, 

the absence of diffraction effects. 

l X n l  << lx’l : hence the flattening influence of gain on the 
index profile will not be as large and it is expected that the 

focusing effect will be more pronounced. 

B. Inhomogeneously Broadened Resonance 

Next we consider the situation in which the levels are in- 

Here the axial distance is given in units of 

is plotted in units of the initial value 

When (uO-m)T >> 1, 

homogeneously broadened as, for example, by the molecular motion 

in a gas or by variations in crystal field in ruby. “Motional” 

narrowing due to collisions or some similar mechanism is assumed 

negligible. 

In the case of a Doppler broadened transition the distri- 

bution of atomic frequencies is Gaussian. When the collision or 

natural width of the transition is comparable or less than the 

Doppler width the dependence of X’ and X” on field intensity 

cannot be expressed in closed form. The same is true for other 

types of inhomogenous broadening, for example, that which occurs 

in ruby. To avoid unnecessary complications we will assume the 

distribution of atomic frequencies is Lorentzian. While the 

Lorentzian distribution is only a crude approximation to most 

inhomogeneous distributions, nevertheless it shows the essential 

difference between the saturation properties of the gain and 
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index.  It has  t h e  g r e a t  advantage t h a t  t h e  r e s u l t  can be given 

a simple closed form. Convolving a Lorentzian of inhomogeneous 

width T i1  wi th  t h e  expressions f o r  index and ga in  given by (4)  

we  ob ta in  

*. 

+I f2  
X (1 + TI T - I  [l + P2/E(a  )2 T T’] } 

where X ; e s ( ~ o )  i s  now t h e  imaginary p a r t  of t h e  peak f i e l d  

independent inhomogeneous s u s c e p t i b i l i t y .  For t h e  inhomogeneous 

broadening t o  be s i g n i f i c a n t  TIT-’ \ < 1. The important po in t  t o  

n o t i c e  he re  i s  i f  TIT-’ << 1 t h e  ga in  s a t u r a t e s  a t  much lower 

l i g h t  i n t e n s i t y  than  t h e  index. This  i s  seen by t h e  following 

condi t ions  

Index s a t u r a t i o n  . (9) 
2 2  2 

fi- 29 (E(?) I 2 T - I  T’ TI > 1 

N o t e  t h a t  t h e  r e l a t i v e  change i s  t h e  same f o r  bo th  t h e  ga in  and 

index. What (9)  i n d i c a t e s  i s  t h a t  t h e  change due t o  i n t e n s i t y  
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occurs  at lower i n t e n s i t i e s  f o r  t h e  ga in  than  f o r  t h e  index. 

This  i s  made c l e a r  by F ig .  2 which shows t h e  ga in  and index 

versus  i n t e n s i t y  f o r  t h e  homogeneous and inhomogeneous cases .  

I n  F i g .  3 a computer so lu t ion  i s  shown f o r  t h e  inhomogeneous 

broadening case under s imi l a r  condi t ions  t o  those  used i n  t h e  

homogeneous case shown i n  F i g .  1, except t h a t  equat ions (8) w e r e  

used a f t e r  sub t r ac t ing  ou t  t h e  i n t e n s i t y  independent index i n  (8a), .  

The values  TIT-' = .1 and ( u O - ~ ) T I  = 1 w e r e  u s e d .  Because of t h e  

d i f f e r e n c e  i n  s a t u r a t i o n  p rope r t i e s  marked focusing has  occurred.  

I n  t h i s  case t h e  ga in  s a t u r a t e s  quickly b u t  t h e  index p r o f i l e  

remains, allowing t h e  beam t o  focus .  Note t h a t  t h i s  focusing i s  

no t  a s  c a t a s t r o p h i c  a s  t h a t  found i n  re ference  2 and it i s  

expected t h a t  t h e  beam w i l l  t end  t o  t h e  diameter given by equat ion 

( 3 )  . 
of t h e  beam center a s  a funct ion of a x i a l  d i s t ance  shows a much 

However, i f  ( c u ~ - L u ) T ~  i s  of t h e  order of 5 o r  10 t h e  i n t e n s i t y  

more r ap id  focusing e f f e c t .  It  should be noted t h a t  i n  a gaseous 

system f o r  t h e  s tanding  wave case t h e  r e s u l t  i s  again s i m i l a r  t o  

(4)  and occurs because of the same e f f e c t  which l eads  t o  t h e  Lamb 

d i p .  I n  t h i s  case expressions (4)  and (5)  s t i l l  roughly hold  

when I u o - ~  I T > 1. 

I V .  Experimental P o s s i b i l i t i e s  and Discussion 

I n  add i t ion  t o  t h e  requirement of inhomogeneous broadening 

it i s  necessary t h a t  t h e  atomic d i s t r i b u t i o n s  and t h e  l e v e l  popu- 

l a t i o n s  be reasonably homogeneous over t h e  c ros s - sec t ion  of t h e  

beam so t h a t  s p a t i a l  inhomogeneities i n  t h e  i n t e n s i t y  independent 
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index and i n  t h e  gain do not 

4 focusing e f f e c t .  Kogelnick 

obscure t h e  i n t e n s i t y  dependent 

has  r ecen t ly  considered some of 

t h e s e  i n t e n s i t y  independent e f f e c t s .  

I n  Table I, va lues  of  g a i n ,  t o t a l  i n t e n s i t y  dependent 

index change 6nmax, and the minimum beam diameter a r e  given 

f o r  some t y p i c a l  systems. The known values  of ga in  are used 

t o  f i n d  X:es(coo) and X ; e s ( ~ o )  

dmin assuming (wo-w) TI = 1. 

It should be noted t h a t  ruby 

is used 

i s  found 

and GaAs 

and t rapping  due t o  e l e c t r o s t r i c t i o n .  

It is  i n t e r e s t i n g  t o  compare the 

due t o  anomalous d i  spe r s i  on 
i n t e n s i t y  depehderrt 

A 

i n  t u r n  t o  f i n d  6n max 
from 6nmax using ( 3 )  . 
may a l s o  show focusing 

s i z e  of t h e  index change 

as given i n  T a b l e  I with 
8 - x  

t h a t  due t o  the K e r r  e f f e c t  i n  CS2.  

index change is  of t h e  order t o  before t h e  beam forms 

f i l amen t s  and of t h e  o rde r  o f  t o  i n  4p f i laments .  

The e f f e c t  discussed might account f o r  the f i lamentary  

I n  CS2, 6ntL’  t h e  quadra t i c  

na tu re  of t h e  output  of Q-switched ruby lasers as w e l l  as i n  

other laser systems such as semiconductor lasers. According 

t o  ou r  a n a l y s i s  t h e  presence of f i lamentary  s t r u c t u r e  should be 

accompanied by operation of the l a s e r  on the l o w  frequency side 

of the resonance. It should also be mentioned tha t  important 

effects  on t h e  opera t ing  c h a r a c t e r i s t i c s  of the l a s e r  may occur 

because se l f - t r app ing  w i l l  l e ad  t o  propagation through t h e  

region where t h e  dens i ty  of e x c i t e d  atoms i s  maximum; i n  o t h e r  

words, d i f f r a c t i o n  l o s s e s  can become unimportant. 

It should be emphasized t h a t  the computer c a l c u l a t i o n s  

shown i n  F i g s .  1 and 3 a r e  f o r  the case  of an amplifier. The 
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t r app ing  effect  i s  s t rong ly  dependent on the i n i t i a l  condi t ions  

of i n t e n s i t y  and beam shape. Therefore fo r  an o s c i l l a t o r  w h e r e  

feedback i s  important,  add i t iona l  cons idera t ions  must be i n -  

cluded i n  order  t o  t reat  the  detai ls  of t r app ing .  Note t h a t  

t h e r e  a r e  s i t u a t i o n s  w h e r e  t h e  o s c i l l a t o r  can be operated on 

a c a v i t y  mode such t h a t  (uO-u)TI i s  comparable t o  o r  g r e a t e r  

than  u n i t y .  The same condi t ions may be achieved i n  an ampl i f i e r  

by tun ing  t h e  inpu t  frequency. 

F ina l ly ,  note  t h a t  w e  have discussed f o r  s i m p l i c i t y  only 

the case of s a t u r a t i o n  focusing due t o  opera t ion  on t h e  low 

frequency s i d e  of an amplifying atomic l i n e .  Three o t h e r  

cases  can be considered: 

a )  defocusing due t o  operat ion on t h e  high frequency side of 

an amplifying t r a n s i t i o n ,  

b) focusing due t o  opera t ion  on the high frequency side of an 

a t t e n u a t i n g  t r a n s i t i o n ,  

c) defocusing due t o  operat ion on the low frequency side of an 

a t t e n u a t i n g  t r a n s i t i o n .  

These t h r e e  cases  are also of g r e a t  i n t e r e s t .  C a s e  b should be . 

t h e  most p r a c t i c a l  one f o r  many experiments.  
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Table I .  N o n l i n e a r  index changes and b e a m  d i a m e t e r s  expected 

i n  s o m e  laser m a t e r i a l s .  N o t e ,  (mo-cl;)TI = 1. 

m i n  d ' n m a x  Gain 

X e  0 . 1 5 / c m  2 .  x 1 m m  

0.014/cm 6. x 5 m m  c02 

Ruby 0 . 3 / c m  9 .  x .25 mm 

G a A s  7 5 / c m  5 .  x 4 P  
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Figure Captions 

F i g .  1 Growth of an Optical  Beam f o r  t h e  Case of Homogeneous 

Line Broadening, The upper curve i s  t h e  i n t e n s i t y  of 

t h e  beam center,  the l o w e r  curve i s  t h e  i n t e n s i t y  a t  

t h e  l/e d i s t ance  from t h e  cen te r  i n  t h e  Gaussian i n i t i a l  

beam p r o f i l e .  

F i g .  2 Nonlinear Index and Gain as a Function of F i e l d  S t r eng th .  

The nonl inear  index i s  given by t h e  s o l i d  curves .  The 

ga in  i s  given by the dashed curves.  Both nonl inear  

index and ga in  a r e  normalized t o  u n i t y .  (El i s  i n  u n i t s  

F i g .  3 G r o w t h  of an Optical  B e a m  for  t h e  C a s e  of Inhomogeneous 

Broadening. A s  i n  f i g u r e  1 t h e  upper curve i s  the 

i n t e n s i t y  of t h e  beam center ,  t h e  l o w e r  curve i s  t h e  

i n t e n s i t y  a t  t h e  l/e d i s t ance  f r o m  the beam cen te r  i n  

t h e  i n i t i a l  Gaussian p r o f i l e .  
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